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Abstract

Linearly-implicit two-step peer methods are successfafplied in the numerical solution of
ordinary differential and differential-algebraic equais. One of their strengths is that even high-
order methods do not show order reduction in computationstfth problems. With this property,
peer methods commend themselves as time-stepping schefiréteielement calculations for time-
dependent partial differential equations (PDES).

We have included a class of linearly-implicit two-step pmethods in the finite element software
KARDOS. There PDEs are solved following the Rothe method, i.e. disstretised in time, leading
to linear elliptic problems in each stage of the peer meth. describe the construction of the
methods and how they fit into the finite element framework. We discuss the starting procedure
of the two-step scheme and questions of local temporal eomtrol.

The implementation is tested for two-step peer methodsdsgrarthree to five on a selection of
PDE test problems on fixed spatial grids. No order reductabiserved and the two-step methods
are more efficient, at least competitive, in comparison whth linearly implicit one-step methods
provided in KARDOS.

Mathematics Subject Classification 200065M20, 65M60, 65L06
Keywords: Rosenbrock methodPeer method Two-step method Time-dependent PDEFinite ele-
ment software KARDOS

1 Introduction

KARDOS [2] is a finite element software for the numerical solutiontiofe-dependent nonlinear sys-
tems of partial differential and partial differential alyaic equations (PDEs and PDAES).AKDOS
implements the adaptive Rothe method with linearly implcie-step methods for time stepping and an
h-adaptive finite element (FE) method for the solution of #muiting time-independent stage problems.
Many difficult problems arising in areas such as the life so#s (pattern formation, regional hy-
perthermia of tumours [7]), diffusion processes [8], andpaigation of flame fronts [3] can be solved
efficiently with KARDOS. This efficiency is achieved by using adaptivity in spacedisd by the use

*This manuscript appears &eport on Numerical Mathematics No. 06-Martin-Luther-Universitat Halle-Wittenberg,
Germany, November 7, 2006. Online availabl&é@t p: / / www. mat herat i k. uni - hal | e. de/ reports/.
Submitted for publication.
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of higher order time stepping methods suchr as3p [9], r odas [4], andr odasp [18, 19]. How-
ever, those time integration methods do not always showxpeated classical order of convergence
but smaller, often fractional orders of convergence in PPRieations. This phenomenon is known
asorder reductionand can be understood and analysed in the context of abetdioary differential
equations (ODEsSs) in Hilbert spaces, see e.g. [11, 10]. Aafdit order conditions can be derived to
ensure that no order reduction takes places but to find metattkfying these conditions becomes in-
creasingly difficult with increasing order of convergentéethods of that kind areos 3p (order3 for
general nonlinear parabolic problems) aratlasp (order4 for linear parabolic problems). A one-step
linearly-implicit method of order or higher for general nonlinear parabolic problems is nailafle

to the best of our knowledge.

The aim of the present paper is to introduce higher order sit@eping schemes inARbos which
do not suffer from order reduction. This is achieved by gdimmgn one-step to two-step methods. As
a particular class so-callg@vo-step peer method46, 20, 14, 17] commend themselves for that task.
These methods have shown no order reduction in applicatmssff ODE systems and we will use
a slightly modified class of such methods imKbos. The attributepeer refers to the fact that all
approximations to the exact solution computed within ometstep of the method have the same order
of accuracy. This is in contrast to the distinction betwetage values (usually having low order) and
the finally computed approximation (having a higher ordéthea end of each time step of a one-step
method.

The remainder of the paper unfolds as follows. Section 2thices the class of two-step peer
methods which we find suitable for inclusion into theDoOSs system. Here we still consider the
classical ODE setting and give order and stability resulth® methods. We also comment on some of
the guiding design principles for the determination of tleefmethod coefficients. In Section 3 we then
describe the inclusion of these methods into t&kE0Ss system. Here we consider the PDE to be solved
as an abstract ODE and then apply the peer method. We comméme starting procedure of the two-
step schemes and give details of the time step control. $rptgper we concentrate on the case of a fixed
spatial grid; questions of spatial adaptivity and its iptay with the time step selection will be covered
in forthcoming work. We demonstrate the efficiency and rtess of the new time stepping schemes in
KARDOS by presenting selected numerical experiments in Sectidiindlly, Section 5 summarises the
results, presents conclusions drawn from the numericaréxents and gives an outlook on ongoing
work.

2 Peer methods for ODEs

We consider the numerical solution of initial value probgefor systems of ODEs, for simplicity in
autonomous form,

y(t) = fy), ylto) =yo € R" 1)

by means ok-stage two-step peer methods.

The time stepm > 1 of sizer,, > 0 of an s-stagediagonally implicit two-step peer method
computes approximations,,,; € R™, i = 1,...,s, as approximations to the exact solution at time
t = timi, 1.€. Y = y(ty;) from the scheme

Ymi:TmﬁYf(Ymi)_‘_wia i=1,...,s, (Za)

i—1 s
wi =Y aigTif Yimg) + > i (0m) Y1, (2b)
J=1 j=1
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where each vectap; is computed from already computed quantities. Hdre; (a;;) andU = (u;;) are

s x s real coefficient matrices: matrig is lower triangular with constant entrieg = v > 0 and matrix

U can be a full matrix. It will turn out thal/ must depend on the step size ratiQ := 7,,,/7n—1 Of two
successive time steps for ensuring the order of the methodhf@ble step sizes. Furthermorec R?
with ¢; = 1 denotes the vector of pairwise distinct abscissae of thbadeiNote that we do not pose any
further restrictions so far on the values of thein particular they are not confined to be in the interval
[0,1]. The time points,,,; are defined by,,; := t,, + ¢, form = 1,2,... ;i = 1,...,s, where
tm := tm—1,s for m > 1. In order to perform step: = 1 of the method, we must provide the positive
time step sizes, andry, the time point; and thes approximationsy; =~ y(t1 — 70 + ¢;79). How this
data can be provided will be subject of Section 2.3. We notecher already here thag # ¢ — 7 in
general. For subsequent use, we collect all approximatigp®f one time step into a matrix

Yo = (Ym17Ym2>-">YmS>eRn’S’ m=0.

Remark 1 The method$2) fall into the class of General Linear Methods (GLMs) [1]. VHerm the
special case of GLMs where allinternal stages are directly passed on to the next time $tepce the
tableaux of coefficients of the corresponding GLM has theafor

4Lt

with A andU (o, ) from above.

It is easily seen that in method (2) the vectdfs; and f(Y;,;) can be used interchangeably. In fact,
Eq. (2a) can be rearranged to
1
T f(Ymi) = =Y —w;), i=1,...,s.
Y

Inserting this into Eq. (2b) results in an equivalent foratidn of method (2) given by

Yoi = 7y f (Yoi) +wi, i=1,...,s, (3a)
i1 s
Wi = Z ;aij(ymj —wj) + Z Uij(Om)Ym—1, (3b)
Jj=1 j=1

where the vectors); are now defined recursively.

Remark 2 We observe that we can solve the recurs{8h). For this collect allw; column-wise in
matrix W € R™%. Then(3b) can be written compactly by

1
wT = ;(A — D) (Y = W) + U(o)Y,) 1.
Solving forWW results in
WT = (I —4A™)Y, +7ATU(0m) Y1 - (4)

We define the matriced := I — yA~! andU(,,) := vA~'U(0,,) and note thatd is strictly lower
triangular. Then we have

i—1 s
w; = E &ijymj + E aij(o'm)ymfl,j-
Jj=1 Jj=1
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Eq. (3a) represents a nonlinear system of equation,fer Provided a good predictdr? . is avail-
able, one Newton step is often sufficient for its accuratatsmi. In Section 2.1 we provide appropriate
predictors. Accordingly, from now on, waefineY,,,; from

I 1
—— — T ) (Yomi = Yioi) = f(Yi) + — (wi — Y3, 5a
(2 =T ) (s = Y20 = 020+ — (= 72 2)
i—1 s
1
Yo = Z ;G?j(ymj —wj) + Z g (Om) Y1, (Sb)
=1 j=1

where A% = (af;) andU° = (uf;) are additionals x s real coefficient matricesA is strictly lower
triangular andU® = U%(s) can be a full matrix which will depend again on the step sizrarhe
matrix 7;,, € R™" is constant for each time step and is an approximation togtbebian off atY;,,_; s,
ie.

Tm ~ af(ymfl,s) )

dy

The equations (5) replace Eq. (3a) leading tolthearly implicit two-step peer methodensidered in
this work

i—1 s
1
w; = Z —aij(Ym; —wj) + Z Ui (Om)Ym—15 , (6a)
Jj=1 v j=1
i1y s
Y79m = Z _agj(ymj - wj) + Z u?j (Um)Ym—l,j ) (6b)
J=1 7 Jj=1
D) Y = Y2 = FOV0) + —— (i~ Y2,) (60
Tmﬁy m m Tm’y m

Remark 3 The method corresponding to meth(@) for non-autonomous problems is obtained by re-
placing f(Yy3,) by f(tmi, Yin)-

Remark 4 The peer method6) is derived for the numerical solution of initial value prebhs of
ODEs(1). The corresponding method for the numerical solution of BAE

Py(t) = fy(®), ylto) =yo €R", PeR™ ()

with a constant, possibly singular matriXis given by(6a)and (6b) for the computation ofo; and Y,%
respectively, an@6c) replaced by

/Al

P _yo oy~ vy 4 £ v

(Tm’)/ Tm> (sz sz) - f(sz) + T (U)Z sz) : (8)
This scheme is derived by considering the methods for sifguerturbed problems and then letting
the perturbation parameter tend to zero. For details werredd13].

2.1 Construction of methods: order conditions and linear sability

In this subsection we briefly review the derivation of suiégtlarameter sets for methods of the form (6),
for details see [14, 20].

We look first at the diagonally implicit methods Eq. (2), ouaglently (3), and ensure order=
s — 1 for those. A major feature of peer methods is their uniforgheorof consistency for all quantities
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computed, i.e.Y,,; = y(tmi) + O(T&“). The abscissae; are chosen in advance to be stretched
Chebychev nodes

lying in the interval[—1,1]. To ensure the local order= s — 1, Eq. (2) is expanded in Taylor series
yielding a linear relation betweeA and U which is regular and can be solved fGrfor all step size
ratiose > 0, i.e. U = U(0, A). It remains to findA and stability considerations are first exploited for
that. We apply the peer method in the form (3) with constagy sizer, i.e. o = 1, to the scalar linear
test equationy’ = Ay with A € C. This yields, using Eq. (4), the relation

I =M>)Y,!

m m—1>

with M(z) = (I — 2A)7'U, z:= 1.

Here, M (z) is the stability matrix of the method. For optimal zero slibive require thatV/ (0) = U
has one eigenvalueand all others equal td, i.e. vanishing parasitic roots. Following [14], we choose
A such thatU has this spectrum for all values of the step size ratis 0. This leavesy = a;; as a
free parameter. Furthermore, observe that the stabilityixnaf the method vanishes at infinity, that is
M (o0) = 0. Hence we have that A{-stability is equivalent to L)-stability for the methods under
consideration. A crucial problem is to find methods which lasgtable or at least l{)-stable with a
large anglex, as this is not automatically guaranteed. This angle isntisdlg determined by the value
of v, the remaining free parameter. We use thealues given in Table 1 (lines marked within [14]
for number of stages equal to= 4,5 and6. Besides a large angle these values also ensure that the
method has ordey = s for constant time step sizes and has coefficients of smalhituatg.

To fully define the linearly implicit two-step peer method®,(we need to construct the predictor
matricesA? andU". This is much simpler than the derivation dfandU outlined above: we impose
similar order condition for ordep = s — 1 for the predictorsY,?, and use all remaining degrees of
freedom to minimise the magnitude of the coefficients, db].[2Since each predictor in a method (6)
now has ordep = s — 1 and the underlying diagonally implicit method (2) also hedeop = s— 1, itis
clear that with the parameters chosen the method (6) haspede —1. Furthermore, since methods (6)
and (2) coincide for linear problems, both methods also fia@eame linear stability properties.

The numerical results presented in Sec. 4 are obtained wsétigods (6) with number of stages
equal tos = 4,5 and6. These are referred to aeer 4, peer 5 andpeer 6 in this work. They have
orderp = s — 1 for variable step size sequences and even gsder s for constant time steps. The
angles of L{)-stability are89.9°, 89.3°, and85.4°, respectively.

2.2 Computation of a solution of orderp = s — 2

All methods considered are constructed such that they halex @ = s — 1 for variable step sizes. In
order to control the time step size we compute additionat@pmationsY;,,, at the time points,,, of
orderp = s — 2 as linear combinations of th€,,;,i = 1,...,s — 1. The local error in step can then
be approximated as

s—1
ETrTm = Ym,s - Ym,s = Ym,s - § aiYm,i ,
=1

with coefficientsa; to be determined. Observe that by Taylor expansion

s—1 s—1 s—2

s—1
; a;iYm,i = Z%‘y(tm + ¢itm) + O (1,,) = Z o Z y(l)(tm)cl—!m Lo

i=1 =1 =0
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On the other hand,
—2 7l

Y(tm + 7)) = Z —+(’)( .

=0

LetVos—1 = (c)),i=1,...,8 — 1,1 =0,...,s — 2 be the Vandermonde matrix fof, ..., cs_1. Then,
by equating equal powers of, for/ = 0,...,s — 2, we obtain the coefficienis; from

L -T s—1
= %75_111 eR .

2.3 Starting procedure

For the execution of stepr = 1 of a two-step method (6) we need to know th@pproximations
Yo: =~ y(t1 — 10 + ¢;710), the time pointt; and the two step sizeg and ;. We remark that; — 7y can
be, and in general is, different from the initial timyeof the initial value problem.

In order to obtain the required approximations, we perfome time step of size,sm > 0 of a
suitable one-step method with continuous output using nihi@li datay, of the problem at time¢ =
to. This gives access to a numerical solutig) in the interval[tg, ¢y + 7osn]. The accuracy of this
numerical solution can be controlled by standard time sbegrol or by choosing,sm sufficiently small.
Denote byc~ < ¢t the minimum and maximum value of the abscissae valyggspectively. We now
require that the smallest resp. largest time point at whitlagproximation for the solutiog(t) is
required is equal tey resp.tg + Tosm i-€. that

th—T9+c 0=ty and t; — 719+ C+T0 =10 + Tosm
holds. This is a linear system féy andry with unique solution

1—c™ 1
tl = t() + T _TOSIT\ al’ld T0 = ﬁTgsm.
ct —¢C ct —¢C

Now we define, using the output of the continuous one-stepodet

. ¢ .
Yoi == y(t1 — 10 + ¢im0) = <t0+T7'osm> , 1=1,2,...,s.

Note that in particular the prescribed initial dataof the ODE is included as one vector B§. For
simplicity we finally choose, = 7y, i.e. o1 = 1.

3 Implementation of two-step peer methods ilK ARDOS

3.1 Problem class

KARDOSIs used to solve time-dependent systems BDEs or PDAESs in a spatial domaihc R?,d =
1,2,3. We consider here the ca8ec R2. The solution is denoted by = (u1, ..., u,). The equation
1 of the system must be of the form

" [LF ny
Z Oy Z<Lg¢ Lyy) Vu;| = 8.
j=1 N4

Here, P is the “parabolic” matrix L**, L*Y, L¥*, LYY are the diffusion coefficient matrices, afds the
source term vector of the problem which can also containdidgr derivatives of the solution modelling
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advection. The matrices are allx n matrices, the source term vector has lengtland all these user-
supplied coefficients can be functions of time, space, staa@d the spatial derivatives of the steia;.
Matrix P can be singular which renders the problem a PDAE. For thikwear assume that matrik
does not depend on time, state or derivatives of the stateedétn component of the system a consistent
initial condition must be supplied and a boundary conditioneach boundary point of the domain be
prescribed. KRDOS supports three kinds of boundary conditions. Dirichletrmary conditions are
implemented as

gl(t7 z,Y, U(t7 Z, y)) =0
with a user specified functiog.
Cauchy boundary conditions for the flux of théh equation are specified as

n x
j=1 v v

with a user specified functioy andn(z, y) the unit outward normal vector. Neumann (no flux) bound-
ary conditions are the special cage= 0 of Cauchy boundary conditions.

3.2 Formulation as an abstract ODE problem and finite elemenformulation

We write the PDE system which is to be solved witagbosin the form of an abstract ODE/DAE in
a Hilbert space setting, see [6],

Pu= f(u(t), ulto)=muo, 9)
where the right-hand sidg, for simplicity again only autonomous, now is a differehti@erator con-
taining the diffusion and source terms which are preserttiérgeneral problem class specification, see
Sec. 3.1, andP is the “parabolic” matrix of the problem. We remind the reattet in this work we
assume thaP does not depend on time, state or derivatives of the state.

We can now formally apply the linearly implicit two-step peeethod (6a,6b,8) to the abstract DAE
problem (9). The space dependent stage vajiig-) ~ u(tmi, ) is then obtained from the linear (PDE)
system, see (8),

P 1
(22 =T ) (i = ) = P + P = (=) (10)
Tm'Y _5,—/ Tm"Y
—Omi =gmi

with a definition ofw; andu?,; according to (6a) and (6b). As before, matfiy, is constant for each
time step and is an approximation to the Jacobian matrjkwfr.t. v evaluated ati,, 1 5.

We apply a Galerkin finite element scheme for the solutiorhefttime-independent problem (10).
Let {¢;(z,y) : j € J} be the system of FE basis functions on the (fixed) FE gritvhere7 is the
corresponding index set. The functiop,;(z,y) is now replaced by the FE representation

Uh,mi (.’L’, y) = Z Ugwm(bj (:Ua y)
JjeT

with unknown real coefficientafl’mi which are collected to the vectaf, ,,;. Accordingly, for other
functions liked,,; (x,y), gmi(x,y), ... the corresponding FE representation,,;(z,v), gnmi(z,y), - -
and vectors\y, i, Gh.mi, - - . are introduced. Multiplication of (10) by a test functiop(z,y), [l € J,
and integration over the spatial domain yields

<<% L) S ¢z> - <f<u2,mi> N <z>l> . a1

jeT JjeT
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Employing the linearity of the integral, this can be revenittas

, 1 .

5:5] , Poi, ) — (T, - o), E 7 (P¢;, . 12

= h,mi Tm’)/< Cb; ¢l> < ¢; ¢l> <f(uh, ) ¢l>+jejgh’mz< ¢] d)l> ( )
=y =015 =F

Here? = (P;) is called the mass matrix in the case= I, S = (Sj;) is the stiffness matrix, and
F = (F) is the load vector of the FE approximation. Summarising tigaéons for all basis functions
¢, 1 € J, yields finally the linear equation system

1
<—73 - S) Apomi = F +PGhmi - (13)

Tm"Y

This linear system is assembled and solved4aqr,,; in the KARDOS system employing either direct
or iterative (with possible preconditioning) solvers. &y, the coefficients of the predictor are updated
to yield the coefficients of the stage solution on the FE gridhat isUj, ,,,; = U,?,mi + Ap mi- Thisis
equivalent toup, ;i (¢, y) = uj ,,.(,y) + Opmi(z,y) in Q.

3.3 Time-step control

Let up(tm, ") = (un1(tm, ), Unn(tm,-,-)) denote the computed numerical solutiort at ¢,,
andap(tm, ) = (@p1(tm,s)s- -, Unn(tm, -, -)) the corresponding embedded solution. Then the
estimated local temporal error of the time step is

l@m(’, ) = Uh(tm, y ) - /ah(tWH ) ) .
We measure this local error in a weighted root mean squara,rbat is we define
n

1 lem . 2 2
ERRt N Z H ( )HLQ ’
n (ScalR; - ||up,i(tm, -, )|l L, + ScalA; - \/]€2])?

=1

whereScal R; andScal A; are user-prescribed relative and absolute scaling faftioeach component
of the PDE system. The user further prescribes a tempoebintel’OL;. Since we currently ignore
spatial discretisation errors, a time step is acceptddRfR; < T'OL; and otherwise rejected. In any
case, the step size prediction for the following time stegimputed as

TneW == mln{Tmax, mln{amax, ma.X{Oémir“ (TOLt/ERRt)l/(ﬁJrl)}} . Oésafe' Tm}
following a standard step size control with parametefs,, &max, @safe @NdTmax. FUrthermorep is the
order of the embedded method. In the case of the two-stepmpetbiods described in this work we have
p = s — 2 and we further use rather strict values

omin = 0.2, amax=2, asafe=0.9

to ensure a stable change of time step sizes. For one-stéaselve use the more relaxed standard
values of KARDOS.
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4 Numerical experiments

All experiments are performed on fixed spatial finite elermeashes with number of nodes as detailed
below. First, second, and third order Lagrange finite elémare used depending on the problem at
hand. All linear systems (13) are solved with BICGStab wltkl Ipreconditioner. In the following
numerical experiments the tolerance level for the lineatesy solver is set to very strict values. This
is done on purpose because our main interest is in the nuethanestigation of the error in the time
integration schemes and we would like to avoid an influendaefinear system solves on these errors.

We use the two-step methogeer 4, peer 5, andpeer 6 as defined in Section 2.1. We compare
these newly implemented methods imkDOS with the established one-step time integration methods
ros3p [9], r odas [4], andr odasp [18, 19]. The3-stage method 0s3p has classical and stiff order
three. Thes-stage methodsodas andr odasp have classical order four. Whereagdasp has also
order four for linear stiff problems, metheddas generally suffers from order reduction when applied
to stiff problems.

As before, letu, = (up1,...,uny) denote the computed numerical solution. At each integratio
time pointt,, € (to, tend We can compare the numerical solutiog(t,,, =, y) with a reference solution
@ = (u,...,0,). The reference solution can either be the exact solutien(uy, . .., u,) att,, or, for

instance, a solution computed with higher accuracy. We husé4-norm to compare;, with @ att,,,
ie.

X IBS X
H’U,h(tm, ) ) - u(tﬂh K )||%2 = E Z ||uh,i(tM7 ) ) - ul(tma ) )H%Q .
i=1

The integral involved in the norm is approximated using dkogder quadrature formula. If an analytic
solutionu of a problem is available we also report the — Ly-error in spacendtime of a computed
numerical solutionu;, with respect tou. Here, the integral in time is approximated with first order
leading to the definition

M
||Uh - uH%Q*LQ = Z Tm_1||Uh(tm, K ) - U(tm, K >||%2 ’
m=1

where M is the number of time steps taken (including the starting &be the two-step methods). All
errors considered here are absolute errors.
4.1 Burgers equation

As a first example we consider on the unit square- (0, 1)? and for timest € (0, tend the system of
two Burgers equations [6, p. 53]

u =V - (DVu) — a(uug + vuy) (14a)
vy =V - (DVv) — a(uvg + vuy) (14b)
with parameter values
D = 001 5 a = 1 5 tend: 2 (14C)
and exact solution
3 1 —dr+4y —t -1
u(t,z,y) = 1 1a <1 +exp 32—D> ; (14d)
3 1 4z + 4y —t\ "
v(t,x, y) = Z + E (1 + exXp 32—D> . (149)
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Figure 1: Number of time steps vé., — Lo-error plots for the constant time step computations up to
teng = 2 for the Burgers equation. Computations have been perfonmgd5, 10, 20, 25, 50, 100,
200, and400 time steps. Missing markers indicate that a method did notptete the computation
successfully with that number of steps. The dotted lineste®rder slopes for ordeBs4, 5, and6.

The initial and Dirichlet boundary conditions are takennfrthe exact solution. Each exact solution
depends in space only on the difference- y and hence represents a wave starting onathe y
diagonal of the domain and moving towards its north-westeor

The following computations for this problem are performeathwubic finite elements on a constant
spatial grid with8321 nodes. This leads to linear equation systems of dimenki8026 which are
solved iteratively up to a scaled residual tolerancé(of'".

4.1.1 Computations with fixed time step size

We perform fixed time step size computation for this problgntaitimeteng = 2 to demonstrate the
orders of convergence in time of the various methods. Sirecbave the exact solution of this problem
available, we start the computations of the two-step metloocthat exact solution, i.85;,i =1...,s

is taken from the exact solution. Tiig — Lo-errors in the numerical solution w.r.t. the analytic saint
of the problem are presented in Fig. 1 and discussed below.

The first observation from Fig. 1 is that for this problem theedue to the approximation in space
with cubic finite elements on the selected grid is atiout0~1°.

The one-step methodsos3p andr odasp show orders of convergence three resp. four. The
observed order for methadodas is close to three and so less than the order of the method.id his
case of order reduction.

Concerning the two-step methods, they should exhibit sapevergence properties in fixed step
size computations with order of convergence equal to thebeurof stages. For methogeer 4 and
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Figure 2: CPU time vsLy, — Loy-error plots for the variable time step computations up.tg = 2 for
the Burgers equation. The requested temporal accura@dSak; = 1073,5-1074,1074,...,1077
and the initial step has a length gfm = max{5-10=*,100 - TOL;}. All methods are able to compute
the numerical solution for all values @O L;.

peer 6 this is clearly the case before they reach the limiting dereel of 5- 10~1°. For methocpeer 5
the situation is not so obvious and the observed order iswbere between four and five.

4.1.2 Computations with variable time step size

We perform variable time step size computation for this fabup to timeteng = 2 to investigate the
computational efficiency of the various methods. The tvep-shethods are started with one time-step
of the one-step methados3p. The L, — Lo-errors in the numerical solution w.r.t. the analytic st

of the problem are presented in Fig. 2 and discussed below.

The variable time step size computations presented in Ko that the two-step methods perform
better than the one-step methadss 3p andr odas; methodr odasp performs slightly better than the
two-step methods for this example but at the price of a hgydidictable dependence between achieved
error and required CPU time. The higher order two-step nusthexhibit some advantage over the
four-stage methog@eer 4 for stricter tolerance requirements but there is no real @@ithis particular
example.
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4.2 PDAE problem

The following partial differential-algebraic equationssgm is taken from [15, pp. 89]. We consider in
the spatial domaif2 = (0,1)? and for timest € (0, tend the system

up — Au — Av + 2u; +yuy —u+v = fi, (15a)
—Au—Av+ud 0 =fo. (15b)

The initial and boundary conditions as well as the functignand f, are taken from the exact solution
u(t,r,y) = (2 +y)sin(t), vt z,y) = (v + 3y) cos(?). (15¢)

This system has perturbation indexsee [15].

The exact solution is linear in space and so can be represexdetly by using linear finite elements.
Hence we consider all errors in the numerical solution to €drom the time stepping scheme. The
following computations for this problem are performed witrear finite elements on constant spatial
grid with 1089 nodes. This leads to linear equation systems of dimerisi@R. These linear systems
are solved iteratively up to a scaled residual toleranceot* in the constant time step case airid 2
in the variable time step case.

4.2.1 Fixed time step sizes

We perform fixed time step size computation for this problgntaitimeteng = 1 to demonstrate the
orders of convergence in time of the various methods. Sirechave the exact solution of this problem
available, we start the computations of the two-step mettoodthat exact solution. Thie, — Lo-errors

in the numerical solution w.r.t. the analytic solution of fbroblem are presented in Fig. 3 and discussed
below.

The plots in Fig. 3 demonstrate that for this example thesiep-methods show their expected order
of convergence. It is noteworthy that they cannot achievacanracy higher thas 10~19.

The two-step methods, in particulpeer 4 andpeer 6 and to a lesser extend alpeer 5, exhibit
the expected super convergence in fixed step size commgatiwat is their observed order of conver-
gence equals their number of stages. The two-step methodsocapute approximations to the exact
solution up to an error of0~!3, i.e. almost down to the rounding error. Why the errors iaseeagain
for smaller time steps is unclear. Note that this behavitwms up for one-step methods also in the
results presented by Rang [15]. A possible cause for thibl@no could be a potential instability to
perturbations of the solution of this problem.

4.2.2 Variable time step sizes

We perform variable time step size computation for this fabup to timeteng = 1 to investigate the
computational efficiency of the various methods. The tvep-shethods are started with one time-step
of the one-step methados3p. The L, — Lo-errors in the numerical solution w.r.t. the analytic st

of the problem are presented in Fig. 4. The improved effigiasfdhe two-step methods compared to
the one-step methods is clearly visible from these plotsthEumore, for higher accuracy demands, the
application of methods of higher order is beneficial.

4.3 Gray-Scott model

The Gray-Scott model [12] is a 2D pattern formation modelezation—diffusion type. We consider
the model or2 = (0,2.5)? and fort € [0,tend. The chemical concentrationsandv satisfy the PDE
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Figure 3: Number of time steps vé., — Ly-error plots for the constant time step computations up to
teng = 1 for problem PDAE. Computations have been performed with0, 20, 25, 50, 100 to 6400
time steps. All computations completed successfully eixfmpr os3p with 5 time steps. The dotted
lines are the order slopes for ordérst, 5, and6.

system and initial conditions given by

ug =V - (D1Vu) — uv® +v(1 — u), (16a)

vy =V - (DaVv) + uv? — (v + K)o, (16b)

o(,5,0) = 1sin?(4mz)sin®(4ry) 1< 9573./ <15 (164)
0 :  otherwise

together with zero flux boundary conditions. The paramed&ras are chosen as in [5, pp. 21] and given

by
tend= 1000, D;=8-107°, Dy =4-107°, ~=0.024, & =0.06.

No analytic solution is available for this problem. This Iplem is non-stiff and hence can be solved
efficiently with, e.g. a finite difference approximation ofixed spatial grid and explicit time stepping
methods. However, we include this example here (and usarlin@nplicit time stepping schemes)
because in order to achieve a high accuracy we will in futunekvuse spatially adaptive FE meshes.
The FEM leads to coupled linear systems (13) even in the bas&/e chose the Jacobian approximation
T to be the zero matrix except if we use mass lumping. So there @&lvantage to use explicit schemes
over linearly implicit schemes.

We use KARDOS with quadratic finite elements on a regular mesh wi?25 nodes to solve this
problem. This leads to linear equation systems of dimer&3@82. We evaluate the numerical solutions
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Figure 4. CPU time vsLy — Lo-error plots for the variable time step computations up.tg = 1 for
problem PDAE. The requested temporal accuracie§'aré;, = 10~* for k = 3,4,...,9 and the initial
step has a length ofsm = max{5 - 104,100 - TOL,}. All methods are able to compute the numerical
solution for all values of’OL;.

computed at final timézng = 1000 with respect to a reference solution obtained from a highptead
accuracy computation (on the same spatial grid) with tirep@nhg using methododasp. The Lo-
error at final time vs. CPU time plots are shown in Fig. 5.

The plots in Fig. 5 show that the two-step methods testedwgrer®r to the one-step methods of
order three and four in KRDOS for the problem under investigation. Furthermore, we saedblutions
of higher accuracy are computed in less time with increasnaigr of the peer methods. Higher-order
peer methods certainly pay off for this example.

5 Conclusions and outlook

We have introduced linearly-implicit two-step peer methad time integration schemes in the FE soft-
ware KARDOS. In the numerical tests on fixed spatial grids we have obgeneeorder reduction with
these methods. The two-step peer methods are very accoratemiparison with the tested one-step
methods. However, they are sensitive with respect to imateistarting values. This often makes a
rather small initial time step size necessary in variabteetstep computations. Despite this drawback
they are more efficient, at least competitive, in comparigith the tested one-step methods for the
examples considered in this work.

We are currently investigating the use of linearly-implitivo-step peer methods in combination
with spatial grid adaption in KRDOS. This requires the investigation of particular difficustief the
two-step methods, for instance the control of the local teralperror and the choice of suitable time
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Figure 5: CPU time vsLs — Lo-error plots for the variable time step computations up.49 = 1000

for Gray-Scott problem. The requested temporal accura&EOL, = 107* for k = 3,4,...,8. The
initial step has a length dfosm = TOL;. All methods are able to compute the numerical solution for
all values ofT’OL;.

step sizes, when the spatial grid changes from time stemtogtep.
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